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Abstract- Synchronization in networks with different topolo- is shown that for typical systems only three main scenarios
gies is studied. We show that for a large class of oscillators there may arise as a function of coupling strength. Then, we study
exist two classes of networks; class-A: networks for which the synchronization in complex networks topologies. Section III
condition of stable synchronous state is 7uY2 > a, and class-B: synchronizationicopexsies.onnetworks for which this condition reads Y2 < b, where a idevoted to the analsis of synchronizaton properties of
and b are constants that depend on local dynamics, synchronous networks whose topology is described by classical random
state and the coupling matrix, but not on the Laplacian matrix networks. In Section IV we study synchronization properties
of the graph describing the topology of the network. Here of power-law random graph models. We close our paper with
7Y = 0 < -Y2 < ... < 'YN are the eigenvalues of the Laplacian conclusions (Section V).
matrix, where N is the order of the graph. Synchronization in
networks whose topology is described by classical random graphs
and power-law random graphs when N -) oc is investigated in II. SYNCHRONIZATION REGIONS
detail. Let us consider a network with N identical nodes, each

I. INTRODUCTION being a (chaotic) oscillator. Let xi be the m-dimensional
Real networks of interacting dynamical systems - be they vector of dynamical variables for the i-th node. Let the

dynamics of each node be described by:neurons, power stations or lasers - are complex. Many real-
world networks are small-world [1] and/or scale-free net- N
works [2]. The presence of a power-law connectivity distri- ti f (xi) + a E, DikXk i = 1, ....N (1)
bution, for example, makes the Internet a scale-free network. k=1
The research on complex networks has been focused so far where f m jpm describes the oscillator equations,
on the their topological structure [3]. However, most networks which we assume to admit a chaotic attractor, o is the overall
offer support for various dynamical processes. In this paper we strength of coupling, while Dik are m x m real matrixes.
propose to study one aspect of dynamical processes in non- Assume that each matrix, Dik, has the form: D ljH,
trivial complex network topologies, namely their synchroniza- where lj is a real number defined in the following and
tion behaviors. H is a m x m diagonal matrix, same for all nodes, calledThe general question of network synchronizability, for many coupling matrix. The coupling matrix H (hij) contains
aspects, is still an open and outstanding research problem [4], the information about which variables are utilized in the
[5]. In this context, an important contribution has been given coupling and is defined as h 1, if the i-th component
by Pecora and Carroll in [6], where, for a network of coupled is coupled, and hii = 0, otherwise. Let x = (X1,.., XN)T
chaotic oscillators, they derived the so-called Master Stability )T
Equation (MSE), and introduced the corresponding Master matrix L ( l f)be the Laplacan matrix, representng the
Stability Function (MSF). Consequently, the stability analy- connection toojo ofthe netwok:al -1rif oes' ~~~~~connection topology of the network: lij = Iji I- if nodessis of the synchronous manifold [6] for the network under i
consideration can be decomposed in two sub-problems. The other nodes, and 0 k

otherwise
first sub-problem consists of deriving the MSF for the network then,dwe,can rit E (1) iatmorec
nodes, i.e. to study in which region of the complex plane Thed e ct omarixes:
the MSE admits a negative largest Lyapunov exponent (LE).
The second sub-problem is to verify whether the eigenvalues F(x) + or (L 0 H) x, (2)
of the so-called connectivity matrix [7] of the network, apart
from the zero-eigenvalue, lie in the synchronization region(s) where F(x) ]mN > fjmN is defined as

IT,(see also [6], [7], [8].) This approach is particularly relevant F(x) =(f(xi),.. , f(xN))
because the MSE depends only on the nodes local dynamics The matrix L, which will be our main concern, is positive
and on the coupling matrix [7]. semi-definite and symmetric. Its smallest eigenvalue is tYi 0.°

In this work, at first, we study the synchronization regions, Denote by tY1 0 <t72 <K. .. < yN the eigenvalues of L. In
using the properties of the MSF. Namely, in Section II it particular, /N iS the maximal eigenvalue of L.
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Since L is symmetric, the master stability function, in this we will denote the probability of an event X C F(N, q) in
case, has the form [6] the probability space F(N, q). Let p(G) mean that the graph

* Jf + H] (3)
G has the property p. We say that the property p happens

¢)=[Jf + ag H] ¢, (3) asymptotically almost surely (a.a.s)), if
where a C ? and Jf is the Jacobian matrix of f(x). lim PN,q{G C F(N,q): p(G)} 1. (4)
Therefore, in this case the corresponding largest Lyapunov N--coo
exponent or MSF, A(a), depends only on one parameter, a. Theorem 3.1: Let G(N, q) be a random graph on N ver-
Master stability function determines the linear stability of the tices. Then the class-A network G(N, q) asymptotically almost
synchronized state; in particular, the synchronized state is surely synchronize for arbitrary small coupling or and the
stable if all eigenvalues of the matrix L are in the region class-B network G(N,q) asymptotically almost surely syn-
A(a) < 0. We denote by S C if? the region where the MSF is chronize for b> 1.
negative and call it synchronization region. Discussions in [5] Proof: The proof of the theorem follows from the
show in fact that for the system (2), the synchronization region following result [12]. Let q be a fixed real number between 0
S may have one of the following forms: and 1. For almost every graph and every E > 0

* Si = 0 { -2(G) > qN-(2-+)pqNlogN
S2 = (arn : +°°)(5

* 52S3=uj(atm,+ ) -y2(G) < qN-(2--)pqNlogN* S3 =Uj(a$ Qam)
Examples of the these scenarios are given in [9], [10]. In the and
majority of cases am atj,and aC turn out be positive and, r YN(G) > qN + (2-c)pqN log N
furthermore, in the case S3 there is only one parameter interval (6)
(a$(j) a(j)) on which A(a) < 0. For this reason, we will limit N (G) < qN + (2 + c)pqN log N.
ourself to consider only such cases, focusing, in the remaining Therefore, for large N, -Y2 r N, while -Nl/-2 approaches 1.
of this paper, on the scenarios S2 = (am +o0) and S3 = Now, for class-A networks the condition for synchronization
(am, CaM). It is easy to see that for S2 the condition of stable reads (7 > a/N and or can be chosen arbitrary small. For
synchronous state is Ory2 > am. For S3, one can easily show class-B networks with b > 1, since aNl/-2 approaches 1, when
that there is a value of the coupling strength or for which the N -> oc, it follows that the network almost surely synchro-
synchronization state is linearly stable, if and only if -yNf-y2 < nizes. U
aM/am. Therefore, for a large class of (chaotic) oscillators IV. SYNCHRONIZATION IN POWER-LAW NETWORKS
there exist two classes of networks:

We consider a random model introduced recently by Chung
1.oClass-A nypetr netwforkswhoshte synchrioniz stio re- and Lu [13], which produces graphs with a given expected
ginchronoisofype2,frwhchtecoditstableis Or-~2 > a;

degree sequence. Therefore, this model does not produce the
2Classynchronetous kstatet > hosea; nch graph with exact given degree sequence. Instead, it yields a2. Class-B networks: networks whose synchronization re- random graph with given expected degree sequence.

giN is o ti We consider the following class of random graphs with a
wYNreY2 < b; given expected degree sequence w = (wl, w2,. . , WN). The

where a aomand b a=M/a.mare constants that depend on vertex vi is assigned vertex weight wi. The edges are chosen
f, the synchronous stateL 1=cmatri L. For and the matrix independently and randomly according to the vertex weights
H, but not on the Laplacian matrix L. For typical oscillators as follows. The probability Pij that there is an edge between
b > 1. vi and vj is proportional to the product wiwj where i and j

III. SYNCHRONIZATION IN CLASSICAL RANDOM are not required to be distinct. There are possible loops at vi2
NETWORKS with probability proportional to wi, i.e.,

wiwi 7The primary model for the classical random graphs is the pij = k (7)
Erdos-Renyi model gq [11], in which each edge is indepen- EkWk
dently chosen with the probability q for some given q > 0. and we assume maxi w2i < Zk Wk. This assumption ensures
Let G(N, q) be a random graph on N vertices. that Pij < 1 for all i and j. We denote a random graph

For the model of a random graph we take a sequence with a given expected degree sequence w by G(w). For
of probability spaces (F(N, q))N, where q is a real number example, a typical random graph G(N, q) (see the previous
between 0 and 1, and N is an integer. We shall assume that q section) on N vertices and edge density q is just a random
is fixed, but in general it may depend on N. The probability graph with expected degree sequence (qN, qN, . . . , qN). The
space F(N, q) consists of all labelled simple graphs on N random graph G(w) is different from the random graphs with
vertices, and an edge between an arbitrary pair of vertices an exact degree sequence such as the configuration model. We
appears with probability q, i.e. F(N, q) has 2M elements, will use dito denote the actual degree of mjinarandom graph
where M =N(N -1)72, and each graph in F(N, q) with m G in G(w), where the weight Wi denotes the expected degree.
edges has the probability equal to qm(1-q)M-m. By PN,q(X) The following proposition is proved in [13].
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Proposition 4.1: With probability 1 - 2/N, all vertices vi
satisfy

2Vw_ logN < di-wi <

< 2 logN + (w3og) ogN. (8) 0.6

0.5 _-^,

We consider the model M(N, Q, d,m), where N is the 72
number of vertices, Q > 2 is the power of the power law, 04
d is the expected average degree, defined as d = EwiIN,
and m is the expected maximum degree (or an upper bound
for the range of degrees that obey the power law), such that
-m= o(Nd). We assume that the i-th vertex vi has expected
degreewi = c(i+io 1)-B 1, for 1 < i < N. Here cdepends
on the average degree d and io depends on the maximum
expected degree m (see [5] for passages): 200 300 400 500 600 700 800 900 1000 1100 1200

N

;3 2 1 Fig. 1. 2 versus N for the model M(N, 3, d, m) with 3 = 3, d = 7, and

-d(1 -(2)No= [N
T - 1 -. (10) random graph which has the same set of vertices as G2. Then

m_(_1) ;2(M) > ;2(Gi).
It is easy to compute that the number of vertices of According to [15] and [16] (see also [17]), we have

expected degree between k and k +1 is of order c'k-, where
c' = c -( 1), as required by the power law. 72(M) > -2(G1) > k - -k2 d(In2 - kIn2). (13)

Let k be the expected minimum degree. Then
/3-F7d/3- Y\ l 1 On the other hand, from the following inequality (see [5])

13 -2 ( d (/3 -2) '3 12 Y N- (4/3 I~~Tn(/3.-(11) ~2 . N- (14)

For the considered model d can be in any range greater and (8), it follows that for large N,
than 1: it does not have to grow with N [13]. We first consider N
the case when d grows with N. -2(M)<Nl166k, (15)

Theorem 4.2. Let M(N, Q, d, m) be a random power-lawgraheon N.2:verti for wh d,go w Nand d/me-la0 where d is the minimum degree of the graph. Combining (13)graph on N vertices, for which d grows with N and d/m -> O
n 1)w idta ~() a eapoiae ihkwhen N -* ocx. Then class-A network M(N, /, d, m) as- and(15) withatN -2(M can be approximated with k.

ymptotically almost surely synchronizes for arbitrary small If d grows with N, since
k

2 also grows with N we conclude
coupling ur and class-B network M(N, Q, d, mr) asymptotically that the class-A nletwork M(N, j, d, m) asymptotically almostalm or .dos notsnronize. surely synchronize for arbitrary small coupling or. Since b is aalmost surely does not synchronize.

Proof: From [5], the following inequalities hold finite number, from -yN/ly2 rn/k, we see that for sufficiently
large N, almost every class-B network M(N, Q, d,m) does

AA(M) <. N (M) < 2A(M), (12) not synchronize.
N-I Now we consider the case d < oc. Since, in this case, we

where A(.) denotes the maximum degree of a graph. It follows could not obtain analytical bounds for -Y2 and -YN we provide
that for large N we have A < KyN< 2A. Therefore, from (8) numerical examples. Consider the model M(N, Q, d, m) with
we have TyN(M) zAziAm for large N [5]. Equation (11) Q = 3,d = 7, and m = 30. Figures I to 3 show the 72, YN,
can be rewritten as and yN/72 versus N. The figures are obtained by simulating

1 graphs composed of 200 to 1200 nodes, with a step of 10
d ;3-ll t3 1 nodes. For each case, 10 different simulations are computed

k +-1.1 dJ I +and the mean value is presented as a dot (solid line is a curve
fitting the dots). Note that the actual maximum degree A may

Since d < m, we have k - d. Therefore, when d grows with differ from the expected maximum degree m. Consider now
N, the minimum expected degree k also grows with N. a class-A network with a =1 and a class-B network with

It is proven in [14] that the function 7-2(G) iS non-decreasing b =40. From Fig. 1 one can compute the value of 72 for
for graphs with the same set of vertices, i.e. 7y2(G1) . 7y2(G2) N =1200, 72 0.31, and therefore, the network synchro-
if G1 C G2 and G1, G2 have the same set of vertices. Let G2 nizes for uJ > 3.23. Moreover, from Fig. 3 one can compute
be our M(N,Q, d, m) random graph and G1 be a k-regular the value of ayN/7y2 for N =1200, which is approximately
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